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Topological Insulator
A topological insulator  is a material with non-trivial topological order 

that behaves as an insulator in its interior but whose surface contains 

conducting states, meaning that electrons can only move along the 

surface of the material.

https://en.wikipedia.org/wiki/Topological_order
https://en.wikipedia.org/wiki/Insulator_(electrical)
https://en.wikipedia.org/wiki/Electrical_conductivity


Conventional Insulator
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Conduction: creation of e/h pairs
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Quantum Hall Effect (QHE)

Thouless et al. derived an explanation of the quantum RH in terms of 
topological concepts. The integers steps are associated with a topological 
invariant - the Chern number.

RH = n
h
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Quantum Hall Effect

Chiral currents on the edges that do not 
suffer from back-scattering

RH = n
h
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Quantum Spin Hall Effect
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Spin-orbit coupling may play a role similar to the applied 
magnetic Þeld (Haldane, 1988)  

Helical states (spin-locked to momentum)



QHE/QSHE



3D TIs

Strong spin-orbit coupling  

Robust, helical, edge states

¥ Chern numbers,      , behave like Òorder parametersÓ 

¥ There are 4 different topological invariants,      and     , ( i=1,2,3). 

- For a weak TI,              (even number of Kramers points)

- For a strong TI,             (odd number of Kramers points)
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<latexit sha1_base64="FPmQUwuQpwXolrV7ldWjs6ob32o=">AAAB7HicbVBNS8NAEJ34WetXVfDiZbEInkpSS1tvRS8eWzBtoQ11s920SzebsLsRSulv8OJBEa/+IG9e/C1uGgW/Hgw83pthZp4fc6a0bb9ZS8srq2vruY385tb2zm5hb7+tokQS6pKIR7LrY0U5E9TVTHPajSXFoc9px59cpn7nlkrFInGtpzH1QjwSLGAEayO5fZEM2KBQtEvn9Wq5UkV2ybZrTtlJSblWOasgxygpio3D1vsNADQHhdf+MCJJSIUmHCvVc+xYezMsNSOczvP9RNEYkwke0Z6hAodUebPFsXN0YpQhCiJpSmi0UL9PzHCo1DT0TWeI9Vj99lLxP6+X6KDuzZiIE00FyRYFCUc6QunnaMgkJZpPDcFEMnMrImMsMdEmn/wihOxT9Jd8hdAulxzDWyaNC8iQgyM4hlNwoAYNuIImuECAwR08wKMlrHvryXrOWpesz5kD+AHr5QPG45DT</latexit><latexit sha1_base64="N3zQ2C+B9suwKlaV++qh4eyGkPI=">AAAB7HicbVDLSgNBEOz1GeMrKnjxMhgET2E3hiTeQrx4TMA8IFnC7GQ2GTI7u8zMCiHkG7x4UMSrN//CL/DmxW9xNqvgq6ChqOqmu8uLOFPatt+speWV1bX1zEZ2c2t7Zze3t99WYSwJbZGQh7LrYUU5E7Slmea0G0mKA4/Tjje5SPzONZWKheJKTyPqBngkmM8I1kZq9UU8YINc3i6cV8vFUhnZBduuOEUnIcVK6ayEHKMkyNcOm+/suf7SGORe+8OQxAEVmnCsVM+xI+3OsNSMcDrP9mNFI0wmeER7hgocUOXOFsfO0YlRhsgPpSmh0UL9PjHDgVLTwDOdAdZj9dtLxP+8Xqz9qjtjIoo1FSRd5Mcc6RAln6Mhk5RoPjUEE8nMrYiMscREm3yyixDST9Ff8hVCu1hwDG+aNOqQIgNHcAyn4EAFanAJDWgBAQY3cAf3lrBurQfrMW1dsj5nDuAHrKcPGDOSjw==</latexit><latexit sha1_base64="N3zQ2C+B9suwKlaV++qh4eyGkPI=">AAAB7HicbVDLSgNBEOz1GeMrKnjxMhgET2E3hiTeQrx4TMA8IFnC7GQ2GTI7u8zMCiHkG7x4UMSrN//CL/DmxW9xNqvgq6ChqOqmu8uLOFPatt+speWV1bX1zEZ2c2t7Zze3t99WYSwJbZGQh7LrYUU5E7Slmea0G0mKA4/Tjje5SPzONZWKheJKTyPqBngkmM8I1kZq9UU8YINc3i6cV8vFUhnZBduuOEUnIcVK6ayEHKMkyNcOm+/suf7SGORe+8OQxAEVmnCsVM+xI+3OsNSMcDrP9mNFI0wmeER7hgocUOXOFsfO0YlRhsgPpSmh0UL9PjHDgVLTwDOdAdZj9dtLxP+8Xqz9qjtjIoo1FSRd5Mcc6RAln6Mhk5RoPjUEE8nMrYiMscREm3yyixDST9Ff8hVCu1hwDG+aNOqQIgNHcAyn4EAFanAJDWgBAQY3cAf3lrBurQfrMW1dsj5nDuAHrKcPGDOSjw==</latexit><latexit sha1_base64="N3zQ2C+B9suwKlaV++qh4eyGkPI=">AAAB7HicbVDLSgNBEOz1GeMrKnjxMhgET2E3hiTeQrx4TMA8IFnC7GQ2GTI7u8zMCiHkG7x4UMSrN//CL/DmxW9xNqvgq6ChqOqmu8uLOFPatt+speWV1bX1zEZ2c2t7Zze3t99WYSwJbZGQh7LrYUU5E7Slmea0G0mKA4/Tjje5SPzONZWKheJKTyPqBngkmM8I1kZq9UU8YINc3i6cV8vFUhnZBduuOEUnIcVK6ayEHKMkyNcOm+/suf7SGORe+8OQxAEVmnCsVM+xI+3OsNSMcDrP9mNFI0wmeER7hgocUOXOFsfO0YlRhsgPpSmh0UL9PjHDgVLTwDOdAdZj9dtLxP+8Xqz9qjtjIoo1FSRd5Mcc6RAln6Mhk5RoPjUEE8nMrYiMscREm3yyixDST9Ff8hVCu1hwDG+aNOqQIgNHcAyn4EAFanAJDWgBAQY3cAf3lrBurQfrMW1dsj5nDuAHrKcPGDOSjw==</latexit><latexit sha1_base64="N3zQ2C+B9suwKlaV++qh4eyGkPI=">AAAB7HicbVDLSgNBEOz1GeMrKnjxMhgET2E3hiTeQrx4TMA8IFnC7GQ2GTI7u8zMCiHkG7x4UMSrN//CL/DmxW9xNqvgq6ChqOqmu8uLOFPatt+speWV1bX1zEZ2c2t7Zze3t99WYSwJbZGQh7LrYUU5E7Slmea0G0mKA4/Tjje5SPzONZWKheJKTyPqBngkmM8I1kZq9UU8YINc3i6cV8vFUhnZBduuOEUnIcVK6ayEHKMkyNcOm+/suf7SGORe+8OQxAEVmnCsVM+xI+3OsNSMcDrP9mNFI0wmeER7hgocUOXOFsfO0YlRhsgPpSmh0UL9PjHDgVLTwDOdAdZj9dtLxP+8Xqz9qjtjIoo1FSRd5Mcc6RAln6Mhk5RoPjUEE8nMrYiMscREm3yyixDST9Ff8hVCu1hwDG+aNOqQIgNHcAyn4EAFanAJDWgBAQY3cAf3lrBurQfrMW1dsj5nDuAHrKcPGDOSjw==</latexit><latexit sha1_base64="4OzraC2rN93+okh4bD6cePu0M/g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0liaeut6MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdNW8OvBwOO9GWbmBQlnStv2h1VYW9/Y3Cpul3Z29/YPyodHHRWnklCPxDyWvQArypmgnmaa014iKY4CTrvB9Dr3u/dUKhaLOz1LqB/hsWAhI1gbyRuIdMiG5YpdvWzW3Vod2VXbbjiukxO3UbuoIccoOSqwQntYfh+MYpJGVGjCsVJ9x060n2GpGeF0XhqkiiaYTPGY9g0VOKLKzxbHztGZUUYojKUpodFC/T6R4UipWRSYzgjrifrt5eJ/Xj/VYdPPmEhSTQVZLgpTjnSM8s/RiElKNJ8Zgolk5lZEJlhiok0+pUUIy0/RX/IVQsetOobf2pXW1SqOIpzAKZyDAw1owQ20wQMCDB7gCZ4tYT1aL9brsrVgrWaO4Qest084S47u</latexit>

! 0
<latexit sha1_base64="7gvQTc5afT5zmDfi6KhBZamZB8s=">AAAB7HicbVBNS8NAEJ34WetXVfDiZbEInkpSS1tvRS8eWzBtoQ11s920SzebsLsRSulv8OJBEa/+IG9e/C1uGgW/Hgw83pthZp4fc6a0bb9ZS8srq2vruY385tb2zm5hb7+tokQS6pKIR7LrY0U5E9TVTHPajSXFoc9px59cpn7nlkrFInGtpzH1QjwSLGAEayO5fZEM7EGhaJfO69VypYrskm3XnLKTknKtclZBjlFSFBuHrfcbAGgOCq/9YUSSkApNOFaq59ix9mZYakY4nef7iaIxJhM8oj1DBQ6p8maLY+foxChDFETSlNBooX6fmOFQqWnom84Q67H67aXif14v0UHdmzERJ5oKki0KEo50hNLP0ZBJSjSfGoKJZOZWRMZYYqJNPvlFCNmn6C/5CqFdLjmGt0waF5AhB0dwDKfgQA0acAVNcIEAgzt4gEdLWPfWk/WctS5ZnzMH8APWywdwf5Ca</latexit><latexit sha1_base64="wo41SAn7Zg0ek9zfLIjknaRMRiI=">AAAB7HicbVDLSgMxFM34rPVVFdy4CRbBVcnU0tZdqRuXLThtoR1KJs20oZnMkGSEMvQb3LhQxK07/8IvcOfGbzHTUfB14MLhnHu59x4v4kxphN6speWV1bX13EZ+c2t7Z7ewt99RYSwJdUjIQ9nzsKKcCepopjntRZLiwOO0600vUr97TaViobjSs4i6AR4L5jOCtZGcgYiHaFgootJ5vVquVCEqIVSzy3ZKyrXKWQXaRklRbBy239lz86U1LLwORiGJAyo04Vipvo0i7SZYakY4necHsaIRJlM8pn1DBQ6ocpPFsXN4YpQR9ENpSmi4UL9PJDhQahZ4pjPAeqJ+e6n4n9ePtV93EyaiWFNBskV+zKEOYfo5HDFJieYzQzCRzNwKyQRLTLTJJ78IIfsU/iVfIXTKJdvwtkmjCTLkwBE4BqfABjXQAJegBRxAAAM34A7cW8K6tR6sx6x1yfqcOQA/YD19AMHAklY=</latexit><latexit sha1_base64="wo41SAn7Zg0ek9zfLIjknaRMRiI=">AAAB7HicbVDLSgMxFM34rPVVFdy4CRbBVcnU0tZdqRuXLThtoR1KJs20oZnMkGSEMvQb3LhQxK07/8IvcOfGbzHTUfB14MLhnHu59x4v4kxphN6speWV1bX13EZ+c2t7Z7ewt99RYSwJdUjIQ9nzsKKcCepopjntRZLiwOO0600vUr97TaViobjSs4i6AR4L5jOCtZGcgYiHaFgootJ5vVquVCEqIVSzy3ZKyrXKWQXaRklRbBy239lz86U1LLwORiGJAyo04Vipvo0i7SZYakY4necHsaIRJlM8pn1DBQ6ocpPFsXN4YpQR9ENpSmi4UL9PJDhQahZ4pjPAeqJ+e6n4n9ePtV93EyaiWFNBskV+zKEOYfo5HDFJieYzQzCRzNwKyQRLTLTJJ78IIfsU/iVfIXTKJdvwtkmjCTLkwBE4BqfABjXQAJegBRxAAAM34A7cW8K6tR6sx6x1yfqcOQA/YD19AMHAklY=</latexit><latexit sha1_base64="wo41SAn7Zg0ek9zfLIjknaRMRiI=">AAAB7HicbVDLSgMxFM34rPVVFdy4CRbBVcnU0tZdqRuXLThtoR1KJs20oZnMkGSEMvQb3LhQxK07/8IvcOfGbzHTUfB14MLhnHu59x4v4kxphN6speWV1bX13EZ+c2t7Z7ewt99RYSwJdUjIQ9nzsKKcCepopjntRZLiwOO0600vUr97TaViobjSs4i6AR4L5jOCtZGcgYiHaFgootJ5vVquVCEqIVSzy3ZKyrXKWQXaRklRbBy239lz86U1LLwORiGJAyo04Vipvo0i7SZYakY4necHsaIRJlM8pn1DBQ6ocpPFsXN4YpQR9ENpSmi4UL9PJDhQahZ4pjPAeqJ+e6n4n9ePtV93EyaiWFNBskV+zKEOYfo5HDFJieYzQzCRzNwKyQRLTLTJJ78IIfsU/iVfIXTKJdvwtkmjCTLkwBE4BqfABjXQAJegBRxAAAM34A7cW8K6tR6sx6x1yfqcOQA/YD19AMHAklY=</latexit><latexit sha1_base64="wo41SAn7Zg0ek9zfLIjknaRMRiI=">AAAB7HicbVDLSgMxFM34rPVVFdy4CRbBVcnU0tZdqRuXLThtoR1KJs20oZnMkGSEMvQb3LhQxK07/8IvcOfGbzHTUfB14MLhnHu59x4v4kxphN6speWV1bX13EZ+c2t7Z7ewt99RYSwJdUjIQ9nzsKKcCepopjntRZLiwOO0600vUr97TaViobjSs4i6AR4L5jOCtZGcgYiHaFgootJ5vVquVCEqIVSzy3ZKyrXKWQXaRklRbBy239lz86U1LLwORiGJAyo04Vipvo0i7SZYakY4necHsaIRJlM8pn1DBQ6ocpPFsXN4YpQR9ENpSmi4UL9PJDhQahZ4pjPAeqJ+e6n4n9ePtV93EyaiWFNBskV+zKEOYfo5HDFJieYzQzCRzNwKyQRLTLTJJ78IIfsU/iVfIXTKJdvwtkmjCTLkwBE4BqfABjXQAJegBRxAAAM34A7cW8K6tR6sx6x1yfqcOQA/YD19AMHAklY=</latexit><latexit sha1_base64="5hO3lxycdl1AbGqqtD7W2wMEBGo=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mupa23ohePFdy20JaSTdM2NJtdkqxQlv4GLx4U8eoP8ua/MdtW8OvBwOO9GWbmBbHg2mD84eTW1jc2t/LbhZ3dvf2D4uFRS0eJosynkYhUJyCaCS6Zb7gRrBMrRsJAsHYwvc789j1Tmkfyzsxi1g/JWPIRp8RYye/JZIAHxRIuX9arXqWKcBnjmuu5GfFqlYsKcq2SoQQrNAfF994woknIpKGCaN11cWz6KVGGU8HmhV6iWUzolIxZ11JJQqb76eLYOTqzyhCNImVLGrRQv0+kJNR6Fga2MyRmon97mfif103MqN5PuYwTwyRdLholApkIZZ+jIVeMGjGzhFDF7a2ITogi1Nh8CosQlp+iv+QrhJZXdi2/xaXG1SqOPJzAKZyDCzVowA00wQcKHB7gCZ4d6Tw6L87rsjXnrGaO4Qect0/h2I61</latexit>

! 0 = 0
<latexit sha1_base64="vaeRw4dyJPO7nqm97qPuiY40XQ4=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl0ERPIXZNSTxIAS9eEzAPDAJcXYySYbMzi4zs0II+QsvHhTx6t948+K3OJso+CpoKKq66e7yI8G1wfjNSS0sLi2vpFcza+sbm1vZ7Z26DmNFWY2GIlRNn2gmuGQ1w41gzUgxEviCNfzRReI3bpnSPJRXZhyxTkAGkvc5JcZK120ZdzE6Qwh3s4c4d1oqePkCwjmMi67nJsQr5k/yyLVKgsPyXvX9BgAq3exruxfSOGDSUEG0brk4Mp0JUYZTwaaZdqxZROiIDFjLUkkCpjuT2cVTdGSVHuqHypY0aKZ+n5iQQOtx4NvOgJih/u0l4n9eKzb9UmfCZRQbJul8UT8WyIQoeR/1uGLUiLElhCpub0V0SBShxoaUmYUw/xT9JV8h1L2ca3nVpnEOc6RhHw7gGFwoQhkuoQI1oCDhDh7g0dHOvfPkPM9bU87nzC78gPPyAWqekZk=</latexit><latexit sha1_base64="F3d/AsQoWLOqJnXquA5Jyotq3fI=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQtTPH6LCaaXkFEsQFRAq246dEqdcPClC2ygpDqt7jXf2XHup9/OvvUFI4oAKTThWqmujSLsJlpoRTqe5XqxohMkYD2nXUIEDqtxkdvEUHhllAP1QmhIaztTvEwkOlJoEnukMsB6p314q/ud1Y+1X3ISJKNZUkPkiP+ZQhzB9Hw6YpETziSGYSGZuhWSEJSbahJSbhTD/FP4lXyG0nIJteMOkUQNzZME+OADHwAZlUAUXoA6agAABbsAduLeUdWs9WI/z1oz1ObMLfsB6+gC735NV</latexit><latexit sha1_base64="F3d/AsQoWLOqJnXquA5Jyotq3fI=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQtTPH6LCaaXkFEsQFRAq246dEqdcPClC2ygpDqt7jXf2XHup9/OvvUFI4oAKTThWqmujSLsJlpoRTqe5XqxohMkYD2nXUIEDqtxkdvEUHhllAP1QmhIaztTvEwkOlJoEnukMsB6p314q/ud1Y+1X3ISJKNZUkPkiP+ZQhzB9Hw6YpETziSGYSGZuhWSEJSbahJSbhTD/FP4lXyG0nIJteMOkUQNzZME+OADHwAZlUAUXoA6agAABbsAduLeUdWs9WI/z1oz1ObMLfsB6+gC735NV</latexit><latexit sha1_base64="F3d/AsQoWLOqJnXquA5Jyotq3fI=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQtTPH6LCaaXkFEsQFRAq246dEqdcPClC2ygpDqt7jXf2XHup9/OvvUFI4oAKTThWqmujSLsJlpoRTqe5XqxohMkYD2nXUIEDqtxkdvEUHhllAP1QmhIaztTvEwkOlJoEnukMsB6p314q/ud1Y+1X3ISJKNZUkPkiP+ZQhzB9Hw6YpETziSGYSGZuhWSEJSbahJSbhTD/FP4lXyG0nIJteMOkUQNzZME+OADHwAZlUAUXoA6agAABbsAduLeUdWs9WI/z1oz1ObMLfsB6+gC735NV</latexit><latexit sha1_base64="F3d/AsQoWLOqJnXquA5Jyotq3fI=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQtTPH6LCaaXkFEsQFRAq246dEqdcPClC2ygpDqt7jXf2XHup9/OvvUFI4oAKTThWqmujSLsJlpoRTqe5XqxohMkYD2nXUIEDqtxkdvEUHhllAP1QmhIaztTvEwkOlJoEnukMsB6p314q/ud1Y+1X3ISJKNZUkPkiP+ZQhzB9Hw6YpETziSGYSGZuhWSEJSbahJSbhTD/FP4lXyG0nIJteMOkUQNzZME+OADHwAZlUAUXoA6agAABbsAduLeUdWs9WI/z1oz1ObMLfsB6+gC735NV</latexit><latexit sha1_base64="2pI52nnSDug89w33DZzT+GzNJiM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKczGkMSDEPTiMYJ5YLKE2clsMmR2dpmZFULIX3jxoIhX/8abf+NsEsFXQUNR1U13lx8Lrg3GH05mZXVtfSO7mdva3tndy+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj69Sv33PlOaRvDWTmHkhGUoecEqMle56MuljdIEQ7ucLuHheq5TKFYSLGFfdkpuSUrV8VkauVVIUYIlGP//eG0Q0CZk0VBCtuy6OjTclynAq2CzXSzSLCR2TIetaKknItDedXzxDJ1YZoCBStqRBc/X7xJSEWk9C33aGxIz0by8V//O6iQlq3pTLODFM0sWiIBHIRCh9Hw24YtSIiSWEKm5vRXREFKHGhpSbh7D4FP0lXyG0SkXX8htcqF8u48jCERzDKbhQhTpcQwOaQEHCAzzBs6OdR+fFeV20ZpzlzCH8gPP2Cdv3j7Q=</latexit>

! 0 = 1
<latexit sha1_base64="x2GHIHUThLlPLIcq/CwTAubSnHk=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl0ERPIXdNSTxIAS9eEzAPDBZ4uxkkgyZnV1mZoUQ8hdePCji1b/x5sVvcTar4KugoajqprvLjzhT2rbfrMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfXyR+65ZKxUJxpScR9QI8FGzACNZGuu6KuGejM4ScXv7QLpxWSm6xhOyCbZcd10mIWy6eFJFjlASH1b36+w0A1Hr5124/JHFAhSYcK9Vx7Eh7Uyw1I5zOct1Y0QiTMR7SjqECB1R50/nFM3RklD4ahNKU0Giufp+Y4kCpSeCbzgDrkfrtJeJ/XifWg4o3ZSKKNRUkXTSIOdIhSt5HfSYp0XxiCCaSmVsRGWGJiTYh5eYhpJ+iv+QrhKZbcAyvmzTOIUUW9uEAjsGBMlThEmrQAAIC7uABHi1l3VtP1nPamrE+Z3bhB6yXD2wikZo=</latexit><latexit sha1_base64="0fLT5vciQRBb3iHOAwZ7gs4axmk=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQrufP0SF00rJKZYgKiBUth07JU65eFKEtlFSHFb3Gu/sufZS7+dfe4OQxAEVmnCsVNdGkXYTLDUjnE5zvVjRCJMxHtKuoQIHVLnJ7OIpPDLKAPqhNCU0nKnfJxIcKDUJPNMZYD1Sv71U/M/rxtqvuAkTUaypIPNFfsyhDmH6PhwwSYnmE0MwkczcCskIS0y0CSk3C2H+KfxLvkJoOQXb8IZJowbmyIJ9cACOgQ3KoAouQB00AQEC3IA7cG8p69Z6sB7nrRnrc2YX/ID19AG9Y5NW</latexit><latexit sha1_base64="0fLT5vciQRBb3iHOAwZ7gs4axmk=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQrufP0SF00rJKZYgKiBUth07JU65eFKEtlFSHFb3Gu/sufZS7+dfe4OQxAEVmnCsVNdGkXYTLDUjnE5zvVjRCJMxHtKuoQIHVLnJ7OIpPDLKAPqhNCU0nKnfJxIcKDUJPNMZYD1Sv71U/M/rxtqvuAkTUaypIPNFfsyhDmH6PhwwSYnmE0MwkczcCskIS0y0CSk3C2H+KfxLvkJoOQXb8IZJowbmyIJ9cACOgQ3KoAouQB00AQEC3IA7cG8p69Z6sB7nrRnrc2YX/ID19AG9Y5NW</latexit><latexit sha1_base64="0fLT5vciQRBb3iHOAwZ7gs4axmk=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQrufP0SF00rJKZYgKiBUth07JU65eFKEtlFSHFb3Gu/sufZS7+dfe4OQxAEVmnCsVNdGkXYTLDUjnE5zvVjRCJMxHtKuoQIHVLnJ7OIpPDLKAPqhNCU0nKnfJxIcKDUJPNMZYD1Sv71U/M/rxtqvuAkTUaypIPNFfsyhDmH6PhwwSYnmE0MwkczcCskIS0y0CSk3C2H+KfxLvkJoOQXb8IZJowbmyIJ9cACOgQ3KoAouQB00AQEC3IA7cG8p69Z6sB7nrRnrc2YX/ID19AG9Y5NW</latexit><latexit sha1_base64="0fLT5vciQRBb3iHOAwZ7gs4axmk=">AAAB8XicbVDLSgMxFM3UV62vquDGTVAEVyUzlrYuhFI3LluwD2yHkkkzbWgmMyQZoQz9CzcuFHEr/oVf4M6N32KmVfB14MLhnHu59x4v4kxphN6szMLi0vJKdjW3tr6xuZXf3mmpMJaENknIQ9nxsKKcCdrUTHPaiSTFgcdp2xufp377mkrFQnGpJxF1AzwUzGcEayNd9UTcR/AMQrufP0SF00rJKZYgKiBUth07JU65eFKEtlFSHFb3Gu/sufZS7+dfe4OQxAEVmnCsVNdGkXYTLDUjnE5zvVjRCJMxHtKuoQIHVLnJ7OIpPDLKAPqhNCU0nKnfJxIcKDUJPNMZYD1Sv71U/M/rxtqvuAkTUaypIPNFfsyhDmH6PhwwSYnmE0MwkczcCskIS0y0CSk3C2H+KfxLvkJoOQXb8IZJowbmyIJ9cACOgQ3KoAouQB00AQEC3IA7cG8p69Z6sB7nrRnrc2YX/ID19AG9Y5NW</latexit><latexit sha1_base64="7YzCzOEYDvIxeHUv5qIbxydFqdc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKczGkMSDEPTiMYJ5YLKE2clsMmR2dpmZFULIX3jxoIhX/8abf+NsEsFXQUNR1U13lx8Lrg3GH05mZXVtfSO7mdva3tndy+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj69Sv33PlOaRvDWTmHkhGUoecEqMle56MuljdIGQ288XcPG8VimVKwgXMa66JTclpWr5rIxcq6QowBKNfv69N4hoEjJpqCBad10cG29KlOFUsFmul2gWEzomQ9a1VJKQaW86v3iGTqwyQEGkbEmD5ur3iSkJtZ6Evu0MiRnp314q/ud1ExPUvCmXcWKYpItFQSKQiVD6PhpwxagRE0sIVdzeiuiIKEKNDSk3D2HxKfpLvkJolYqu5Te4UL9cxpGFIziGU3ChCnW4hgY0gYKEB3iCZ0c7j86L87pozTjLmUP4AeftE917j7U=</latexit>



¥ Excellent thermoelectric materials with 

a rhombohedral structure, space group 

R-3m 

¥ Layered structure based on a quintuple 

X-Bi-X-Bi-X arrangement 

¥ Non-trivial 3D TIs 

Nevertheless, Bi1! xSbx is unique among known 3D TI
materials in that it has an intrinsically high 2D carrier
mobility of " 104 cm2 V! 1 s! 1 (despite the fact that it is an
alloy), which makes it easy to study novel 2D quantum
transport.37,90) Also, it is relatively easy for this system to
reduce the bulk carrier density to" 1016 cm! 3 in high-quality
single crystals, making it possible, for example, to perform
Landau level spectroscopy of the surface states via magneto-
optics.91) The bulk band gap of Bi1! xSbx is not very large (up
to " 30meV depending onx),86) but it is large enough to
detect the 2D transport properties at 4 K.

Along with Bi1! xSbx, Fu and Kane predicted35) that HgTe,
! -phase of Sn (called ÔÔgray tinÕÕ), and Pb1! xSnxTe would
become 3D TIs under uniaxial strain to break the cubic
lattice symmetry. They also suggested that Bi2Te3 would be
a candidate, but they did not perform band calculations to
elucidate the parity eigenvalues. Such calculations were
done by Zhang et al.,92) who came up with a concrete
prediction that Bi2Se3, Bi2Te3, and Sb2Te3 should be 3D TIs
but Sb2Se3 is not; furthermore, Zhang et al. proposed a low-
energy e! ective model to describe the bulk band structure of
this class of materials. This model, with some corrections
made later,93) has become a popular model for theoretically
discussing the properties of a 3D TI. Experimentally,
existence of a single Dirac-cone surface state was reported
in 2009 for Bi2Se3 by Xia et al.94) and for Bi2Te3 by Chen
et al.95) and also by Hsieh et al.;96) Sb2Te3 was measured
by Hsieh et al.96) along with Bi2Te3, but the existence of
the topological surface state was left unconÞrmed due to
the heavily p-type nature of the measured samples. The
topological nature of Sb2Te3 was conÞrmed only recently in
thin-Þlm samples using STS.97)

Bi2Se3, Bi2Te3, and Sb2Te3 all crystallize in tetradymite
structure, which consists of covalently bonded quintuple
layers (e.g., SeÐBiÐSeÐBiÐSe) that are stacked in ÐAÐBÐCÐ
AÐBÐCÐ manner and are weakly interacting with van der
Waals force (Fig. 7); therefore, those materials cleave easily
between quintuple layers (QLs). Since each QL is about 1 nm
thick, the lattice constant along thec-axis is about 3 nm.

The 3D Z2 invariant of these tetradymite systems is
(1;000), which means that topological Dirac-cone surface
state is centered at the!" point of the surface BZ (Fig. 8).
This simplicity of the topological surface state and the
absence of non-topological surface states make those
materials well suited for experimentally addressing the
properties of the topological surface state. Also, single-
crystal growth of those materials is relatively simple, which
made it easy for many experimentalists to start working on
them. Furthermore, the bulk band gap of Bi2Se3 is relatively
large, 0.3 eV, and thus one can see technological relevance
that topological properties of this material may potentially
be exploited at room temperature. All those factors helped
initiate a surge of research activities on 3D TIs.

The surface-state structure of Bi2Se3 is relatively simple
and presents an almost idealized Dirac cone with only slight
curvature, as shown schematically in Fig. 8(a). In contrast,
the surface state of Bi2Te3 is a bit more complicated [see
Fig. 8(b)] and the Dirac point is located beneath the top of
the valence band, which makes it di" cult to probe the
surface transport properties near the Dirac point without
being disturbed by bulk carriers in Bi2Te3.

Another di! erence between the two materials is that
the constant-energy contour of the Dirac cone is almost
spherical in Bi2Se3 [Fig. 8(c)], while it presents signiÞcant
hexagonal warping in Bi2Te3 [Fig. 8(d)]. This warping is
caused by ak3 term which stems from cubic Dresselhaus
spinÐorbit coupling at the surface of rhombohedral crystal
systems.98) Intriguingly, this hexagonal warping gives rise
to peculiar physics such as strong quasiparticle interfer-
ence99,100) and appearance of a Þnite out-of-plane spin
polarization.101)
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Fig. 7. (Color online) Crystal structure of tetradymite chalcogenides,
Bi2Se3 (X1 # X2 # Se), Bi2Te3 (X1 # X2 # Te), and Bi2Te2Se (X1 #
Te; X2 # Se). The quintuple layer (QL) enclosed by brown cage is the
building block of this type of materials. The stack of the QLs are in the ÐAÐ
BÐCÐAÐBÐCÐ manner, and hence the unit cell consists of a stack of 3 QLs.
The Bi2! xSbxTe3! ySey (y $ 1) compound also takes this structure, in which
X2 # Se,X1 # Se=Te, and the original Bi site becomes a mixture of Bi/Sb.
Taken from Ref.103; copyright American Physical Society (2010).
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Fig. 8. (Color online) Schematic bulk and surface band structures of
(a) Bi2Se3 and (b) Bi2Te3. Note that the surface states are spin non-
degenerate and are helically spin polarized. Representative constant-energy
contours of the Dirac cones for (c) Bi2Se3 and (d) Bi2Te3 are also
schematically shown. Note that the spin vector is always perpendicular to
the wave vectork1 in both Bi2Se3 and Bi2Te3, but the Fermi velocity vector
vF can be non-orthogonal to the spin vector in Bi2Te3 due to the hexagonal
warping, which leads to strong quasiparticle interference.
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Nevertheless, Bi1!xSbx is unique among known 3D TI
materials in that it has an intrinsically high 2D carrier
mobility of "104 cm2 V!1 s!1 (despite the fact that it is an
alloy), which makes it easy to study novel 2D quantum
transport.37,90) Also, it is relatively easy for this system to
reduce the bulk carrier density to "1016 cm!3 in high-quality
single crystals, making it possible, for example, to perform
Landau level spectroscopy of the surface states via magneto-
optics.91) The bulk band gap of Bi1!xSbx is not very large (up
to "30meV depending on x),86) but it is large enough to
detect the 2D transport properties at 4K.

Along with Bi1!xSbx, Fu and Kane predicted
35) that HgTe,

!-phase of Sn (called ‘‘gray tin’’), and Pb1!xSnxTe would
become 3D TIs under uniaxial strain to break the cubic
lattice symmetry. They also suggested that Bi2Te3 would be
a candidate, but they did not perform band calculations to
elucidate the parity eigenvalues. Such calculations were
done by Zhang et al.,92) who came up with a concrete
prediction that Bi2Se3, Bi2Te3, and Sb2Te3 should be 3D TIs
but Sb2Se3 is not; furthermore, Zhang et al. proposed a low-
energy effective model to describe the bulk band structure of
this class of materials. This model, with some corrections
made later,93) has become a popular model for theoretically
discussing the properties of a 3D TI. Experimentally,
existence of a single Dirac-cone surface state was reported
in 2009 for Bi2Se3 by Xia et al.94) and for Bi2Te3 by Chen
et al.95) and also by Hsieh et al.;96) Sb2Te3 was measured
by Hsieh et al.96) along with Bi2Te3, but the existence of
the topological surface state was left unconfirmed due to
the heavily p-type nature of the measured samples. The
topological nature of Sb2Te3 was confirmed only recently in
thin-film samples using STS.97)

Bi2Se3, Bi2Te3, and Sb2Te3 all crystallize in tetradymite
structure, which consists of covalently bonded quintuple
layers (e.g., Se–Bi–Se–Bi–Se) that are stacked in –A–B–C–
A–B–C– manner and are weakly interacting with van der
Waals force (Fig. 7); therefore, those materials cleave easily
between quintuple layers (QLs). Since each QL is about 1 nm
thick, the lattice constant along the c-axis is about 3 nm.

The 3D Z2 invariant of these tetradymite systems is
(1;000), which means that topological Dirac-cone surface
state is centered at the !" point of the surface BZ (Fig. 8).
This simplicity of the topological surface state and the
absence of non-topological surface states make those
materials well suited for experimentally addressing the
properties of the topological surface state. Also, single-
crystal growth of those materials is relatively simple, which
made it easy for many experimentalists to start working on
them. Furthermore, the bulk band gap of Bi2Se3 is relatively
large, 0.3 eV, and thus one can see technological relevance
that topological properties of this material may potentially
be exploited at room temperature. All those factors helped
initiate a surge of research activities on 3D TIs.

The surface-state structure of Bi2Se3 is relatively simple
and presents an almost idealized Dirac cone with only slight
curvature, as shown schematically in Fig. 8(a). In contrast,
the surface state of Bi2Te3 is a bit more complicated [see
Fig. 8(b)] and the Dirac point is located beneath the top of
the valence band, which makes it difficult to probe the
surface transport properties near the Dirac point without
being disturbed by bulk carriers in Bi2Te3.

Another difference between the two materials is that
the constant-energy contour of the Dirac cone is almost
spherical in Bi2Se3 [Fig. 8(c)], while it presents significant
hexagonal warping in Bi2Te3 [Fig. 8(d)]. This warping is
caused by a k3 term which stems from cubic Dresselhaus
spin–orbit coupling at the surface of rhombohedral crystal
systems.98) Intriguingly, this hexagonal warping gives rise
to peculiar physics such as strong quasiparticle interfer-
ence99,100) and appearance of a finite out-of-plane spin
polarization.101)
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Fig. 7. (Color online) Crystal structure of tetradymite chalcogenides,
Bi2Se3 (X1 ¼ X2 ¼ Se), Bi2Te3 (X1 ¼ X2 ¼ Te), and Bi2Te2Se (X1 ¼
Te; X2 ¼ Se). The quintuple layer (QL) enclosed by brown cage is the
building block of this type of materials. The stack of the QLs are in the –A–
B–C–A–B–C– manner, and hence the unit cell consists of a stack of 3 QLs.
The Bi2!xSbxTe3!ySey (y $ 1) compound also takes this structure, in which
X2 ¼ Se, X1 ¼ Se=Te, and the original Bi site becomes a mixture of Bi/Sb.
Taken from Ref. 103; copyright American Physical Society (2010).
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Fig. 8. (Color online) Schematic bulk and surface band structures of
(a) Bi2Se3 and (b) Bi2Te3. Note that the surface states are spin non-
degenerate and are helically spin polarized. Representative constant-energy
contours of the Dirac cones for (c) Bi2Se3 and (d) Bi2Te3 are also
schematically shown. Note that the spin vector is always perpendicular to
the wave vector k1 in both Bi2Se3 and Bi2Te3, but the Fermi velocity vector
vF can be non-orthogonal to the spin vector in Bi2Te3 due to the hexagonal
warping, which leads to strong quasiparticle interference.
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Transport Properties



Quantum conductivity

3.3 Weak localisation and weak anti-localisation e ! ects

topological insulator is characterised by! 0 = 0 and ! i = 1, i = 1, 2, 3, and we

are in the presence of a weak topological insulator. For an odd number, the

topological insulator in considered strong and in this case! 0 = 1. When only one

point is enclosed by the Fermi circle, we are in the presence of the simplest case

of a three-dimensional topological insulator. In resume: in three dimensions a

time-reversed invariant band structure is characterised by four Z2 invariants:! 0

and ! i , i = 1, 2, 3. The last three rely on the translational symmetry of the lattice

and are not robust in the presence of disorder. The fourth invariant, however, is

robust and distinguishes the strong from the weak topological insulator.

3.3 Weak localisation and weak anti-localisation

e! ects

The most common signature of two-dimensional surface electrons when measuring

the electrical transport properties, more precisely, the magnetoresistance, is the

weak anti-localisation (WAL) e! ect. It is a phenomenon that arises, as well

as the weak localisation, due to interference processes that take place in the

material. For that reason we will present a brießy discussion on the transport

regimes in the materials before taking deep to the phenomenon itself.

When one considers a trajectory deÞned by an electron, several characteristic

lengths should be taken into account when dealing with electronic transport in

solids: The mean free pathl, that is, the average distance an electron travels

before its momentum is changed by elastic scattering; the phase coherence length

l! , deÞned as the average distance an electron can maintain its phase coherence,

and the sample size,L. With these characteristics, three possible scenarios

are available for solids: the ballistic, the di! usive and the quantum di! usive

transport regimes.

1. INTRODUCTION

Topological insulators are gapped band insulators with topologically protected gapless modes surrounding their
boundaries.1Ð4 The surface states of a three-dimensional topological insulator are composed of an odd number of
two-dimensional gapless Dirac cones, which has a helical spin structure in momentum space,5 giving rise to a !
Berry phase when an electron moves adiabatically around the Fermi surface. The! Berry phase can lead to the
absence of backscattering,6 and further delocalization of the surface electrons.7, 8 Because of these properties, the
topological insulators are believed to have better performance in future electronic devices, thus have attracted
much interest in studying their transport properties. 9, 10

In experiments, the delocalization of electrons was believed to be veriÞed by a phenomenon named the weak
anti-localization.11 The e! ect stems from the ! Berry phase,12 which induces a destructive quantum interfer-
ence between time-reversed loops formed by scattering trajectories. The destructive interference can suppress
backscattering of electrons, then the conductivity is enhanced with decreasing temperature because decoherence
mechanisms are suppressed at low temperatures.13, 14 A magnetic Þeld can destroy the interference as well as the
enhanced conductivity, so the signature of the weak anti-localization is a negative magnetoconductivity, which
has been observed in a lot of topological insulator samples.15Ð21

Having topologically protected surface states that cannot be localized is one of the alternative deÞnitions
of the topological insulators,1, 2 and this is regarded as one of the merits of a topological insulator compared
to ordinary metals. However, the metallic enhancement in conductivity expected to appear along with the
negative magnetoconductivity is not observed at low temperatures. Instead, in most experiments, a logarith-
mic suppression of the conductivity with decreasing temperature is observed,22Ð27 indicating a behavior of the
weak localization, which was supposed to occur in ordinary disordered metals as a precursor of the Anderson
localization,28, 29 which was known as a transport paradox in topological insulators.

Here we review our recent e! orts30Ð33 on the theoretical understanding to the weak localization and weak
anti-localization e! ects in the transport experiments in topological insulators. In Sec.2, we give an introduction
to the quantum di ! usion regime, where the weak (anti-)localization happens. Then the experiments of weak
anti-localization in topological insulators are reviewed. In Sec.3, we discuss the crossover between weak anti-
localization and weak localization and the Berry phase argument. In Sec.4, we show why the bulk states in
topological insulator can have weak localization. In Sec.5, we compare the Dirac fermions with conventional
electrons, on their localization behaviors in the presence of three kinds of disorder scattering. In Sec.6, we will
explain how the contradictory observations in the temperature and magnetic Þeld dependence of the conductivity
of topological insulators can be understood, by including both the quantum interference and electron-electron
interactions for the disordered Dirac fermions.

2. WEAK LOCALIZATION AND ANTI-LOCALIZATION

2.1 Quantum di ! usion

!"##$%&$' ()"*&)+,-$..)%$/0-$..)%$/0

Figure 1. Schematic illustration of di ! erent electronic transport regimes in solids. The open circles represent impurities
and arrows mark the trajectories that electron travelled.

The electronic transport in solids can be classiÞed by several characteristic lengths: (i) The mean free path",
which measures the average distance that an electron travels before its momentum is changed by elastic scattering
from static scattering centers. (ii) The phase coherence length"! , which measures the average distance an electron

Fig. 3.2 Illustration of the di! erent electronic transport regimes in solids. The
open circles represent impurities, the arrows mark the trajectories travelled by
the electron. [19].
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interferences. The classical theory of electronic transport is first described in section 2.2.
The e↵ect of a magnetic field on the resistance is discussed in both the classical (classical
magnetoresistance, section 2.2.2) and the quantum regime (Shubnikov-de-Haas oscilla-
tions, section 2.3). The di↵erent regimes (ballistic, di↵usive, quasi-ballistic) are presented
(section 2.4). The phenomena arising from phase-coherent e↵ects (Aharonov-Bohm e↵ect,
AAS e↵ect, conductance fluctuations, Weak Localization) are detailed (see section 2.6).
Finally, we review the state of the art of transport studies in topological insulators (see
section 2.7).

2.2 Classical approach to charge transport

Considering a disordered conductor, the conductance is related to the probability for an
electron to propagate across the system (see fig.2.1) through di↵erent electronic paths
(Feynman paths) between scatterers [Feynman and Hibbs, 1965]. If Ai is the amplitude
of probability for the path i , the total probability for an electron to cross the sample
reads [Beenakker and van Houten, 1991]:
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Figure 2.1: Schematic view of two interfering electronic paths (Feynman path), propagat-
ing in a di↵usive system between scatterers.

In this decomposition, the first term does not consider any interference between the dif-
ferent electronic paths. This contribution is the classical contribution, given by the Drude
model. The second term includes all interferences between the di↵erent paths. At high
temperatures or long length-scales, this term vanishes, because the electrons cannot retain
their phase coherence and quantum corrections due to interferences average to 0. At very
low temperatures and short length-scales, electrons interfere coherently with each-other,
slightly modifying the probability for an electron to cross the sample, and consequently
the conductance. The typical length-scale on which these interference e↵ect matter is the
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TR symmetry, no magnetic Þeld

P(m ! m) = |(A1 + A2 + . . .) + ( A1R + A2R + . . .)|2 = |A + AR |2
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A = AR =! P(m " m) = |A + A|2 = 4A2
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Classically: P(m ! m) = A2 + A2
R = 2A2
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1. INTRODUCTION

Topological insulators are gapped band insulators with topologically protected gapless modes surrounding their
boundaries.1Ð4 The surface states of a three-dimensional topological insulator are composed of an odd number of
two-dimensional gapless Dirac cones, which has a helical spin structure in momentum space,5 giving rise to a !
Berry phase when an electron moves adiabatically around the Fermi surface. The! Berry phase can lead to the
absence of backscattering,6 and further delocalization of the surface electrons.7, 8 Because of these properties, the
topological insulators are believed to have better performance in future electronic devices, thus have attracted
much interest in studying their transport properties. 9, 10

In experiments, the delocalization of electrons was believed to be veriÞed by a phenomenon named the weak
anti-localization.11 The e! ect stems from the ! Berry phase,12 which induces a destructive quantum interfer-
ence between time-reversed loops formed by scattering trajectories. The destructive interference can suppress
backscattering of electrons, then the conductivity is enhanced with decreasing temperature because decoherence
mechanisms are suppressed at low temperatures.13, 14 A magnetic Þeld can destroy the interference as well as the
enhanced conductivity, so the signature of the weak anti-localization is a negative magnetoconductivity, which
has been observed in a lot of topological insulator samples.15Ð21

Having topologically protected surface states that cannot be localized is one of the alternative deÞnitions
of the topological insulators,1, 2 and this is regarded as one of the merits of a topological insulator compared
to ordinary metals. However, the metallic enhancement in conductivity expected to appear along with the
negative magnetoconductivity is not observed at low temperatures. Instead, in most experiments, a logarith-
mic suppression of the conductivity with decreasing temperature is observed,22Ð27 indicating a behavior of the
weak localization, which was supposed to occur in ordinary disordered metals as a precursor of the Anderson
localization,28, 29 which was known as a transport paradox in topological insulators.

Here we review our recent e! orts30Ð33 on the theoretical understanding to the weak localization and weak
anti-localization e! ects in the transport experiments in topological insulators. In Sec.2, we give an introduction
to the quantum di ! usion regime, where the weak (anti-)localization happens. Then the experiments of weak
anti-localization in topological insulators are reviewed. In Sec.3, we discuss the crossover between weak anti-
localization and weak localization and the Berry phase argument. In Sec.4, we show why the bulk states in
topological insulator can have weak localization. In Sec.5, we compare the Dirac fermions with conventional
electrons, on their localization behaviors in the presence of three kinds of disorder scattering. In Sec.6, we will
explain how the contradictory observations in the temperature and magnetic Þeld dependence of the conductivity
of topological insulators can be understood, by including both the quantum interference and electron-electron
interactions for the disordered Dirac fermions.

2. WEAK LOCALIZATION AND ANTI-LOCALIZATION

2.1 Quantum di ! usion
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Figure 1. Schematic illustration of di ! erent electronic transport regimes in solids. The open circles represent impurities
and arrows mark the trajectories that electron travelled.

The electronic transport in solids can be classiÞed by several characteristic lengths: (i) The mean free path",
which measures the average distance that an electron travels before its momentum is changed by elastic scattering
from static scattering centers. (ii) The phase coherence length"! , which measures the average distance an electron
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Weak-antilocalization (WAL)

back. Such a dissipationless transport mechanism could be
extremely useful for semiconductor devices. Unfortunately,
the requirement of a large magnetic field severely limits the
application potential of the QH effect.

Can we get rid of the magnetic field and still separate the
traffic lanes for the electrons? In a real 1D system, forward-
and backward-moving channels for both spin-up and spin-
down electrons give rise to four channels, as shown in
 figure 1b. The traffic lanes for the electrons can be split in a
TR-invariant fashion, without any magnetic field, as illus-
trated in the figure by the symbolic equation Ò4 = 2 + 2.Ó We
can leave the spin-up forward mover and the spin-down
backward mover on the top edge and move the other two
channels to the bottom edge. A system with such edge states
is said to be in a QSH state, because it has a net transport of
spin forward along the top edge and backward along the bot-
tom edge, just like the separated transport of charge in the
QH state. Charles Kane and Eugene Mele from the University
of Pennsylvania,9 and Andrei Bernevig and one of us
(Zhang)10 from Stanford University, independently proposed
in 2005 and 2006 that such a separation, and thus the QSH
state, can in principle be realized in certain theoretical models
with spinÐorbit coupling. (The fractional QSH state was also
predicted,10 though it has yet to be experimentally observed.)

Although a QSH edge consists of both backward and for-
ward movers, backscattering by nonmagnetic impurities is
forbidden. To understand that effect, we start with an anal-
ogy from daily life. Most eyeglasses and camera lenses have
a so-called antireflection coating. As shown in  figure 2a, re-
flected light from the top and the bottom surfaces interfere
with each other destructively, leading to zero net reflection
and thus perfect transmission. However, such an effect is not
robust, as it depends on the matching between the optical
wavelength and the thickness of the coating.

Just like the reflection of a photon by a surface, an elec-
tron can be reflected by an impurity, and different reflection
paths also interfere with each other. As shown in  figure 2b,
an electron in a QSH edge state can take either a clockwise
or a counterclockwise turn around the impurity, and during
that turn the spin rotates by an angle of ! or ! ! to the oppo-
site direction. Consequently, the two paths, related by TR
symmetry, differ by a full ! ! (! ! ) = 2! rotation of the elec-
tron spin. A profound and yet deeply mysterious principle of
quantum mechanics states that the wavefunction of a spin-1Ú2
particle obtains a negative sign upon a full 2! rotation. Thus
the two backscattering paths always interfere destructively,
which leads to perfect transmission. If the impurity carries a

magnetic moment, the TR symmetry is broken and the two
reflected waves no longer interfere destructively. In that
sense the robustness of the QSH edge state is protected by
the TR symmetry.

The physical picture above applies only to the case of sin-
gle pairs of QSH edge states. If there are two forward movers
and two backward movers in the systemÑas, for example,
the unseparated 1D system shown in  figure 1bÑthen an elec-
tron can be scattered from a forward- to a backward-moving
channel without reversing its spin and without the perfect
destructive interference, and thus there is dissipation. Con-
sequently, for the QSH state to be robust, the edge states must
consist of an odd number of forward movers and an odd
number of backward movers. That evenÐodd effect, charac-
terized by a so-called Z2 topological quantum number, is at
the heart of the QSH state9,13 and is why a QSH insulator is
also synonymously referred to as a topological insulator.

Two-dimensional topological insulators
Looking at  figure 1b, we see that the QSH effect requires the
counterpropagation of opposite spin states. Such a coupling
between the spin and the orbital motion is a relativistic effect
most pronounced in heavy elements. Although all materials
have spinÐorbit coupling, only a few of them turn out to be
topological insulators. In 2006 Bernevig, Taylor Hughes, and
Zhang proposed a general mechanism for finding topological
insulators2 and predicted in particular that mercury telluride
quantum wellsÑnanoscopic layers sandwiched between
other materialsÑare topological insulators beyond a critical
thickness dc. The general mechanism is band inversion, in
which the usual ordering of the conduction band and valence
band is inverted by spinÐorbit coupling. 2,4

In most common semiconductors, the conduction band
is formed from electrons in sorbitals and the valence band is
formed from electrons in p orbitals. In certain heavy elements
such as Hg and Te, however, the spinÐorbit coupling is so
large that the p- orbital band is pushed above the s- orbital
bandÑthat is, the bands are inverted. Mercury telluride
quantum wells can be prepared by sandwiching the material
between cadmium telluride, which has a similar lattice con-
stant but much weaker spinÐorbit coupling. Therefore, in-
creasing the thickness d of the HgTe layer increases the
strength of the spinÐorbit coupling for the entire quantum
well. For a thin quantum well, as shown in the left column of
figure 3a, the CdTe has the dominant effect and the bands
have a normal ordering: The s-like conduction subband E1 is
located above the p-like valence subband H1. In a thick quan-

a b
Figure 2. (a) On a lenswith antireflection
coating, light waves reflected by the top
(blue line) and the bottom (red line) sur-
faces interfere destructively, which leads to
suppressed reflection. (b) A quantum spin
Hall edge state can be scattered in two di-
rections by a nonmagnetic impurity. Going
clockwise along the blue curve, the spin ro-
tates by ! ; counterclockwise along the red
curve, by ! ! . A quantum mechanical phase
factor of ! 1 associated with that difference
of 2! leads to destructive interference of
the two pathsÑthe backscattering of elec-
trons is suppressed in a way similar to that
of photons off the antireflection coating.
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The spin rotates by 2!
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The electron wave-functions are dephased by !
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WL vs WAL

can maintain its phase coherence.! ! is usually determined by inelastic scattering from electron-phonon coupling
and interaction with other electrons. (iii) The sample size L .

If ! ! L , electrons can tunnel through the sample without being scattered. This is the ballistic transport
regime. In the opposite limit ! " L , electrons will su! er from scattering and di! use through the sample, and
this is the di! usive transport regime. In the di! usive regime, if ! ! # ! , we call it the semiclassical di! usion,
and this part gives the Drude conductivity. If ! ! ! ! , electrons will maintain their phase coherence even after
being scattered for many times, referring to as the quantum di! usive regime. In this regime, the quantum
interference between time-reversed scattering loops (see Fig.1) will give rise to a correction to the conductivity.
The weak localization or weak anti-localization is an e! ect due to this correction in the conductivity in the
quantum di! usive regime.

2.2 Signatures of weak (anti-)localization

!"#

!"#
$%&

!#

!#

$'&

Figure 2. The signatures of weak localization (WL) and weak anti-localization (WAL) in two dimensions in (a) magneto-
conductivity [deÞned as !" ! " (B ) " " (0)] and (b) temperature dependence of the conductivity " . B is magnetic Þeld
and T is temperature. Adapted from Ref. 33

In two dimensions, the conductivity correction from the quantum interference takes the form of logarithmic
function with ! ! and ! serving as two cuto! s

" qi $ ±
e2

#h
ln

! !

!
(1)

where e2/h is the conductance quantum,% corresponds to weak localization and + to weak anti-localization.
Remind that ! is determined by the elastic scattering so it does not depend on temperature, while! ! is determined
by the inelastic scattering so it is usually a function of temperature, and empirically,34 ! ! $ T ! p/ 2, where p is
positive and depends on dephasing mechanisms and dimensionality.29

When lowering temperature, ! ! could be longer and" qi will become prominent, this gives the temperature
dependence of the conductivity as shown in Fig.2 (b). Remember that " qi is from the quantum interference
between time reversed scattering loops [see Fig.1 (c)], so by applying a magnetic Þeld that breaks time-reversal
symmetry, " qi can be destroyed, giving rise to the magnetoconductivity [see Fig.2 (a)].

2.3 Weak anti-localization in topological insulators

Since the studies of the carbon nanotube and graphene, it has been known that a two-dimensional gapless
Dirac cone could have the weak anti-localization.13, 14 The surface states of a three-dimensional topological
insulator are also two-dimensional gapless Dirac fermions. The weak anti-localization was observed soon after
the discovery of Bi2Se3 and Bi2Te3 as topological insulators (see Table1). There is another reason that the
weak anti-localization was observed easily. Because of poor sample quality, the mean free path is short in the
materials, of the order of 10 nm. But the phase coherence length can reach up to 100nm to 1µm below the liquid
helium temperature. In other words, these materials are in the quantum di! usion regime at low temperatures,
where the weak (anti-)localization are supposed to occur.

In the experiments, the magnetoconductivity was Þtted by the Hikami-Larkin-Nagaoga formula for conven-
tional electrons,11 with two Þtting parameters: ! ! the phase coherence length and$ a prefactor of the order of

�3�U�R�F�����R�I���6�3�,�(���9�R�O���������������������������(����
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Shubnikov-de Haas Effect

AN !
2! e
h! c

B N "
1
2

# "
! "

; $120%

which is satisÞed when theN-th LL is crossing the Fermi
energyEF. Here,AN is the area enclosed by electrons in the
k-space with their cyclotron orbits on the Fermi surface. The
parameter" is simply the Berry phase# divided by2! . For
spinless fermions, it is known48,225) that the Berry phase
is zero for a parabolic energy dispersion (" ! 0) and, as
already noted,! for Dirac fermions possessing a linear
energy dispersion (" ! 1=2). In real TI materials, the Dirac
dispersion is not strictly linear but contain a parabolic
component. Nevertheless, theoretically it has been eluci-
dated that" is robustly 1/2 at least at largeN.226Ð228)

When EF lies at the center of a LL (which is usually
broadened due to thermal ßuctuations and disorder), the
DOS takes a maximum; on the contrary, the DOS takes a
minimum whenEF lies in between two neighboring LLs
[Figs. 15(b) and 15(c)]. In the latter situation, a certain
number of LLs are completely Þlled and the next LL is
empty. Therefore, a minimum in$xx, which occurs when
DOS takes a minimum, signiÞes a complete Þlling of some
N LLs, and one can assign an integer indexN to that
minimum. In ordinary metals, this LL indexN corresponds
to the Þlling factor%. This can be easily understood by
remembering the situation in the ordinary quantum Hall
e! ect, in which$xy is quantized to%e2=h and $xx becomes
zero when the chemical potential lies between the%-th and

(%" 1)-th LLs. (In the quantum Hall e! ect, the vanishing
$xx is a reßection of the bulk gap opening at the Fermi level.)
On the other hand, in the case of Dirac fermions, the Þlling
factor %is not N but is N " 1=2 because of the half-integer
quantization which essentially stems from the existence of
the zeroth LL [Fig. 15(d)].

The phase factor" in the SdH oscillations can be
experimentally determined from an analysis of the so-called
LL fan diagram, in which the sequence of the values of
1=BN corresponding to theN-th minimum in$xx are plotted
versus N. From Eq. (119), one can see that theN-th
minimum occurs when the argument of the cosine equals
$2N # 1%! , i.e.,

2!
F

BN
#

1
2

" "
! "

! $ 2N # 1%! : $121%

Therefore, the plot of1=BN vsN makes a straight line with a
slopeF corresponding to the oscillation frequency. Note that
F=B1 ! 1 # " holds for the 1st minimum. Also, it follows
from Eq. (121) that, when a linear Þt to the LL fan diagram
is extrapolated to1=BN ! 0, the intercept on theN-index
axis gives the phase factor" . When the " value thus
obtained is 1/2, one may conclude that the SdH oscillations
come from Dirac fermions.

In the past, there have been confusions about the proper
way to construct the LL fan diagram; namely, whether to
assign an integer index to a minimum in&xx or to a minimum
in $xx.103,104,108,170,171,184,229Ð231)Since it is important to
clarify this confusion, let us discuss this issue in some detail.
In solids, the resistivity tensor is an inverse of the
conductivity tensor, and in the isotropic case their relation is

&xx &xy

&yx &xx

! "
!

$xx $xy

# $xy $xx

! " # 1

!
1

$2
xx " $2

xy

$xx # $xy

$xy $xx

! "
: $122%

Therefore, when the condition$xx & $xy is satisÞed (which
is usually the case with low-carrier-density semiconductors),
&xx Õ $xx=$2

xy and the minima in&xx coincide with those in
$xx. This is the reason why the LL fan diagram constructed
from the &xx data can give the correct phase factor in
graphene.223,224) However, in the case of TIs, due to the
presence of the bulk transport channel, often the condition
$xx & $xy does not strictly hold. In the extreme case, when
$xx ' $xy (which is usually the case with metals),&xx Õ $# 1

xx
and the minima in&xx now coincide with the maxima in$xx.
Therefore, unless$xx & $xy is satisÞed, performing the LL
fan diagram analysis using the resistivity data is dangerous.
Ideally, one should measure both&xx$B%and &yx$B%at the
same time and convert them into$xx$B%and $xy$B%to
perform reliable LL fan diagram analysis to elucidate the
correct Berry phase.

In this regard, in the early stage of the TI research, the
LL fan diagram analyses of the SdH oscillations observed
in TIs were inßuenced by the case with graphene and
used the minima in &xx for indexing integer
N.103,104,108,170,171,184,229Ð231)Therefore, the conclusions re-
garding the Berry phase in those early publications should be
taken with care. It was Xiong et al. who Þrst switched to
correctly using the minima in$xx for the LL fan diagram
analysis,105) and some of the recent works performed reliable
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Fig. 15. (Color online) (a) Partially-Þlled 2D Dirac cone;' is the Fermi
level. (b) Landau quantization of the Dirac cone; LLs below' are Þlled
with electrons. Note that the spacing between LLs change as

####
N

p
and the

N ! 0 LL is pinned to the Dirac point. (c) In a higher magnetic Þeld,
the spacing between LLs increases as

####
B

p
, and fewer LLs are Þlled.

(d) Schematic behavior of$xx and $xy in the quantum Hall regime of 2D
Dirac fermions; the situations depicted in panels (b) and (c) are marked by
arrows. Notice that the minima in$xx marks a complete Þlling of up toN-th
LLs.
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Amplitude of SdH oscillations

Lifschiftz-Kosevitz formula (LK):

CHAPTER 2. QUANTUM TRANSPORT 43

Figure 2.8: Lifschitz-Kosewitz formula, represented for m⇤ = 0.1me and T0 = 4K.

a classical picture, the motion of an electron between two scattering events is a ballistic
flight. As a consequence, if the size L of the system is L < le, the motion of the electrons
is ballistic over the whole system, and the only possible reflexions are with the system’s
boundaries. In this ballistic regime, the relation between propagation time ⌧ and length L
is: L = vF⌧ . In particular, L' = vF⌧'. As will be discussed in the next section (2.5), this
will be a way to distinguish between transport regime, knowing for instance the tempera-
ture dependence of L' and relating it to ⌧'. The ballistic regime has consequences on the
electron-electron (e-e) interaction and on the interaction between a quasi-particle and its
static environment [Altshuler et al., 1982,Beenakker and van Houten, 1991]. Moreover,
in this regime the exact shape of the system will have a strong impact on the properties
of the conductance fluctuations [Jalabert et al., 1990,Beenakker and van Houten, 1991]
(see next section). This regime is usually not easy to access, as it requires clean systems
(see fig.2.9.c). Most ballistic devices are fabricated out of clean AlGaAs 2DEGs, where le
can be increased up to several microns [Beenakker and van Houten, 1991].

If on the contrary L >> le, the electrons will undergo many scattering events while
propagating through the sample. In this case, the relation between propagation length
and time is governed by a di↵usion equation, so that: L =

p
D⌧ , with D the di↵usion

constant. This relation is a statistical result that is an average over the di↵erent electronic
paths accessible to an electron. This di↵usive regime is the usual transport regime for a
disordered system, where le  10� 30nm (see fig.2.9.a).

One can finally define an intermediate regime, where one of the system’s dimension is
shorter than le, hence ballistic, while the other is still longer than le and di↵usive. This

! Rxx (T) = 4 R0 exp(! ! TD )
! T

sinh(! T)
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28 Experimental Methods

makes it an excellent susceptor for microwave radiation, leading to overheating, what

causes an increased reduction ability [41]. The polyol process consists of three steps.

First, the precursor is dissolved in the polyol. The dissolved species will then be reduced

by the polyol and Þnally the polyol serves as a medium for the nucleation and growth

of the particles [40]. Several articles [42, 43] suggest two possible paths, consisting of

atomic (Path A) or ionic (Path B) mechanisms, represented in the following scheme:

However, more recent studies [37, 41] showed that the process involved is, in fact,

ionic. At high temperatures, the ethylene glycol oxidizes to acetaldehyde, used as a

reducing agent (Eq. 4.1). The precursor including T=Se, Te (Na2TO3) dissociates,

forming TO2!
3 in solution. Those ions are reduced by EG, forming elemental T (Eq.4.2).

In an alkaline medium (obtained by adding KOH), the freshly generated T producesT2!

through disproportionation (Eq. 4.3). Finally, the T2! ions react with the metallic ion

Bi3+ , forming Bi2T3 (Eq. 4.4).

2C2H6O2 ! 2CH3CHO + 2H2O (4.1)

2CH3CHO + TO 2!
3 ! 2CH3COO! + T + H 2O (4.2)

3T + 6OH ! ! TO2!
3 + 2T 2! + 3H 2O (4.3)

3T2! + 2Bi 3+ ! Bi2T3 (4.4)

The synthesis was performed in a Milestone Start D Microwave Digestion System

(Fig. 4.1). This is equipped with 6 high pressure vessels (SK-10 rotors), with a volume

of 100 mL. It includes a reference segment, used for temperature control, and 5 stan-

dard segments. The equipment has an industrial magnetron and its typical delivered

power is 1200 W, allowing rapid heating. Moreover, a rotating di! user located above

the microwave cavity evenly distributes microwaves throughout the cavity, preventing

localized hot and cold spots.

4.2 Structural Characterization: Powder X-ray Di! raction 29

Figure 4.1: Milestone Start D Microwave Digestion System used in this work.

4.2 Structural Characterization: Powder X-ray Di ! rac-

tion

4.2.1 Introduction

Although nowadays we know the crystalline structure of many materials, whether we

are talking about simple materials as metals or more complex as proteins and organic

molecules with many atoms, there is a constant need to study the structure of new

materials, in order to understand and predict its properties. This can be accomplished

using the right techniques. Since the interatomic distances in a crystalline material have

the same order of magnitude as the typical X-ray wavelength, these can be di! racted by

crystalline structures. Therefore, X-rays are the ideal radiation for these studies.

Powder X-ray di! raction (XRD) is the most convenient method when the sample in

study is a polycrystalline material or even when it is obtained as a mixture of phases.

One then needs to characterise the sample beyond its elemental composition and identify

the phases and, ideally, quantify them.

The experimental equipment can be divided into techniques using parallel beam and

focusing methods (as the Bragg-Brentano geometry). The latter was used in this work

and will be described in detail later.

Polycrystalline, nanostructure

Polyol method:

Bi2X3, X = Se, Te
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(a) (b)

Figure 5.7: SEM images for the sampleBi2Se3 - Batch III performed with a working
distance of 11.9 mm and a magniÞcation of (a) 10.00 k! (b) 20.00 k! .

5.2 Bi 2Se2.5Te 0.5

5.2.1 Synthesis

Stoichiometric ratio of bismuth nitrate (Bi(NO 3) á5H2O), sodium telluride (Na2TeO3),

sodium selenide (Na2SeO3) and potassium hydroxide (KOH) were dissolved in ethylene

glycol and stirred at room temperature, closely following the procedure described by

Xu et al. [53]. The solution was then divided into the microwaveÕs vessels and was

subjected to a microwave cycle of 10 minutes to reach the set temperature, plus 25

minutes at 180! C. After cooling to room temperature, the product was separated by

centrifugation and washed with deionized water and ethanol several times. It was then

dried at 50 ¡C for 3 hours.

5.2.2 XRD Analysis

The di! raction pattern, identiÞcation and quantiÞcation of phases followed the previ-

ously described procedures. Xu et al. [53] reported that all the difraction peaks were

steadily indexed toBi2Se3, but a slight shift to lower-angles of the peak2! " 29.5¡ was

observed due to the incorporation of tellurium, an atom of bigger dimensions, in the lat-

Bi2Se3
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Figure 5.6: Di! raction pattern for the sampleBi2Se3 - Batch III.

Bi2Se3 (100%)

a (•) 4.13915(3)
c (•) 28.6253(3)

D (nm) 145.3(8)

Rwp (%) 8.29

Table 5.3: Summary of the parameters from the Rietveld reÞnement for sampleBi2Se3

- Batch III.

at constant temperature.

5.1.3.2 XRD Analysis

The di! raction pattern, identiÞcation and quantiÞcation of phases followed the previ-

ously described procedures. From Fig.5.6 we can observe the similarities with the

di! raction pattern obtained for the sampleBi2Se3 - Batch I (Fig. 5.1). No characteristic

peaks for impurities were observed. The Rietveld reÞnement parameters are presented

in table 5.3.

5.1.3.3 SEM

The SEM images ofBi2Se3 - Batch III (Fig. 5.7) were obtained using an electron beam

acceleration of 5.0 kV and a working distance of 11.9 mm. The images suggest an uniform

sample consisting of hexagonal sheets similar to what was observed in Fig.5.2.
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Figure 5.3: Di! raction pattern of Bi2Se3 - Batch II.

! 2.3µm. Note that this di ! ers from D (table 5.1) by several orders of magnitude.

The crystallite size, D, measures smaller portions of the crystal, separated by grain

boundaries and, therefore, it has a lower value compared to the diameter of the particles

observed by SEM.

5.1.2 Batch II

5.1.2.1 Synthesis

The synthesis was made following the previously described procedure. Since the amount

of Þnal product obtained in Batch I revealed not to be enough to prepare a pellet to

measure the transport properties, the amounts of the precursors were increased in the

present batch, preserving the stoichiometric ratios.

5.1.2.2 XRD Analysis

The di! ractograms were obtained in the same conditions as speciÞed before, and the

identiÞcation and quantiÞcation of the samples also followed the same indications, with

an exception to the bismutite phase, where the site occupancies and the temperature

factors were Þxed. The majority of the di! raction peaks could be indexed toBi2Se3, but

some other peaks, characteristic of impurities, can be observed (Fig.5.3). We were able

to identify, as impurity phases, selenium (11.9(2) %) and bismutite (23.90(13) %). The

parameters from Rietveld reÞnement are given in table5.2.

5.1.2.3 SEM

SEM pictures for the sampleBi2Se3 - Batch II were taken with an electron beam accel-

eration of 5 kV and a working distance of 11.80 mm. In Figure5.4awe can observe that

Bi2Se3
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Figure 5.22: Temperature dependent electrical resistivity! (T) between samples ofBi2Se3

with di ! erent carrier densitiesn (cm! 3) : (i) 1! 1019, (ii) 5.3! 1018, (iii) 4.9! 1017, (iv)
3.7! 1017, (v) 3.3! 1017, and (vi) " 1016. For high carrier densities a metallic behavior is
observed, while forn < 1018 cm! 3 an anomalous behavior is detected, with a minimum
developing" 30K. [54]
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Figure 5.23: Hall e! ect for the sampleBi2Se3 # II at 1.8 K.
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Figure 5.21: Temperature dependence of the resistance for the sample Bi2Se3 - Batch II.
There are anomalies observed above 250 K which are not intrinsic to the sample but are
due to problems in the electrical contacts, since those results were not reproducible.

include a component due to the longitudinal voltage drop, which is actually visible at
low temperatures, since one can observe the WAL dip1 around B ! 0 T. In order to
eliminate this, we can average the measurements for positive and negative fields following
equation 4.19.

Taking into account the lead placement illustrated in figure 5.20, the positive slope
identified in figure 5.24 indicates carriers with negative charge, i.e., electrons. This result
agrees with the expected, since Bi2Se3 is naturally n-type due to Se vacancies.

Furthermore, the carrier density, nH, can be calculated from eq. 4.18, knowing the
width of the sample, w = (0.20 ± 0.05) mm. The fitting illustrated in figure 5.24 was
performed at 1.8 K and yields m = (17674 ± 6) " 10! 6 ! T! 1. One can then calculate
the carrier density, nH = 1.76 " 1018 cm! 3. This is larger than what is usually reported
for the Hall carrier density for similar topological insulators (tipically nH ! 1016 cm! 3)
[55, 56].

The Hall resistivity can be interpreted in a two-band model, where conduction from
both the surface and bulk states are considered. Such a situation would lead to a Hall
resistivity described as

! xy = (Rs! 2

b + Rb! 2

s)B + RsRb(Rs + Rb)B 3

(! s + ! b)2 + (Rs + Rb)2B 2
, (5.1)

with Rb and ! b the Hall coe! cient and resistivity of the bulk, and Rs = w/ (en2D )
1In fact, the WAL feature shows in Rxy as a peak.

T(K)

n ⇠ 1017 cm�3
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low magnetic fields is originated from bidimensional surfaces [13] for
which l T∼ϕ

−1/2.
Fig. 4 also clearly shows the presence at low temperature of SdH

oscillations in the conductance at high field. We performed a direct
subtraction to the symmetrised magnetoresistance raw-data of the
smooth part described by the HLN model, thus obtaining the oscilla-
tory part of GΔ xx. The amplitude of the oscillations decreases with
increasing temperature, and the oscillations are no longer visible for
T > 25 K. The Lifshitz-Onsager equation relates the index n of the SdH
oscillations to the cross-section area of the Fermi surface perpendicular
to the applied field,

π n γ πk eB2 ( + ) = ,F
2 �=

(2)

where �=is the reduced Planck constant, e is the electronic charge, B the
applied magnetic field, πkF

2 the cross-sectional area of the Fermi surface

perpendicular to B with radius equivalent to the Fermi wave vector kF,
and γ β δ= 1/2 − − is the phase of the SdH oscillations (in π2 units) of
the σxx component of the electrical conductivity tensor, β being the
Berry phase and δ a phase shift correction determined by the
dimensionality of the system. For conventional metals, β = 0, and for
Dirac systems β should be 1

2 . For a 3D electron system δ = ± 1/8, while
for a 2D system δ = 0 [14]. Experimentally, the Berry phase can be
determined by plotting the LL fan diagram (plot of n versus B

1 ). Integer

values of n are assigned to minimums of σΔ xx, while n + 1
2 values are

assigned to maxima. It is important to note that σ =xx
ρ

ρ ρ+
xx

xx xy
2 2 and thus

in the cases where ρ ρ≫xx xy, as in the present case (ρ ρ/ = 0.02xy xx at
B = 9 T), σ ρ∼ 1/xx xx and the minima in σxx correspond to maxima in ρxx.

The linear fitting of the LL fan diagram at 1.8 K, shown in Fig. 6
yields a slope B = 35 ± 2F T and an intercept on the n-axis
β δ+ = 0.1 ± 0.4 , to be compared to the expected value of 1/2 for a
non-trivial π Berry phase in a 2D electron system, but the large error
bar does not permit a definite conclusion.

From the slope B k= eF 2 F
2�= , one can determine the Fermi wave

vector, k = 0.0328 ÅF
−1

and this value would correspond to a surface
carrier density n = 8.56 × 10 cmD2

11 −2. On the other hand, for a 3D

system this k = 0.0328 ÅF
−1

would correspond to a bulk carrier density
of n = 1.91 × 10 cmD3

18 −3. The latter value matches the carrier density
calculated from the Hall effect, which might suggest that the quantum
oscillations may originate from the bulk states, instead of the surface
states. Similar cases were reported by several authors [14,15], where
the carrier density has indeed much higher values (n ∼ 10 cmH

18 −3),
indicating the relevance of residual bulk carriers. However, it should be
pointed out that the discussion above only suggests the 3D origin of the

Fig. 2. Diffraction patterns for synthesised compounds in (a) powder form and (b) pressed into a pellet.
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Fig. 3. Temperature dependence of the resistance showing the sharp increase of the
resistance at low temperature.
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Figure 5.20: Puck containingBi2Se3 ! II , with the 4-point contacts used to measure the
longitudinal resistance.

5.7 Transport properties of Bi 2Se3 - Batch II

The powder resultant from the synthesis was pressed into a pellet by applying a pressure

of 6 MPa at room temperature, and four contacts were placed in the sample, in agreement

to the 4-probe measurement technique (Fig.4.9), as can be seen in Fig.5.20. The

contacts consist of golden wires connected both to the sample and the puck by conductive

silver paint. The DynaCool Physical Property Measurement System (PPMS) was used

to perform all the measurements reported in the next sections.

5.7.1 Resistance vs Temperature

The temperature dependence of the longitudinal resistance for sampleBi2Se3 - II is

illustrated in Figure 5.21. It shows a metallic behavior (dR/dT > 0) for a certain

temperature range, compatible with a Þnite bulk population or with an impurity band

with high conduction [23]. In the former case, SdH oscillations originated from the 3D

bulk states have been reported. Furthermore, Butch et al. [54] reported the temperature

dependence for several carrier concentrations inBi2Se3 (Fig. 5.22). For n > 1018 cm! 3,

a metallic behavior is expected, while for lower concentrations, a minimum develops at

around 30 K. This same anomalous behavior is observed in the present sample.

For higher temperatures, it can be observed a local maximum at" 200 K, repre-

senting a crossover to an activated behavior, while the concentration of extrinsic carriers

decreases [54].

5.7.2 Hall E ! ect

In order to study the Hall e! ect, the contacts were now placed in the sample according

to Fig. 4.9. As discussed in section4.4.2.2, the measured Hall e! ect (Figure 5.23) can

¥ Powder samples pressed @ 6MPa

¥ Strong crystalline texture (001)

¥ Thin samples, gold contacts



Fig. 4. Magnetoresistance measured atT = 1.8 K. Note the deep minimum at 0 T distinctive of the WAL e ! ect and the presence of quantum SdH oscillations.

Fig. 5. Temperature dependence of the phase coherence length,l! . A power law " t to the data yields T! 0.519(3).
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Figure 5.25: Magnetoresistance for the sampleBi2Se3! Batch II at di ! erent tempera-
tures. Note that the quantum mechanical e! ect around 0 T disappears with the increas-
ing temperature.

T (K) 1.8 5.0 15.0

! ! 4.74± 0.02 ! 3.84± 0.01 ! 3.49± 0.01
l! (nm) 202± 1 149.0 ± 0.6 82.94± 0.16

b 1.86± 0.01 1.34± 0.04 1.44± 0.02

Table 5.9: Fitted parameters for the HLN model (! and l! ) and the power-law back-
ground (b) for the sampleBi2Se3 ! II for temperatures 1.8 K, 5 K and 15 K. The Þtting
was performed in the entire Þeld range (9 T).

Bi2Se3

Above ~30 K WAL no longer observed
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(a)

(b)

Figure 5.26: Fitting of the HLN model + background for Bi2Se3! Batch II at 1.8 K for
fields up to (a) 9 T and (b) 0.5 T. In the latter, the background has reduced significance.

Bi2Se3: WAL 

The HLN model of WAL gives an excellent Þt to the data



Fig. 4. Magnetoresistance measured atT = 1.8 K. Note the deep minimum at 0 T distinctive of the WAL e ! ect and the presence of quantum SdH oscillations.

Fig. 5. Temperature dependence of the phase coherence length,l! . A power law " t to the data yields T! 0.519(3).
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l! ! T ! 0.519(3)
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Fig. 4. Magnetoresistance measured atT = 1.8 K. Note the deep minimum at 0 T distinctive of the WAL e ! ect and the presence of quantum SdH oscillations.

Fig. 5. Temperature dependence of the phase coherence length,l! . A power law " t to the data yields T! 0.519(3).
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(a)

(b)

(c)

Figure 5.28: Shubnikov-de Haas oscilations for the sampleBi2Se3 ! II at (a) 1.8 K, (b)15
K, (c) 25 K.
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212 Topological Insulators

FIGURE 6 Shubnikov-de Haas oscillations of the longitudinal resistivity! xx measured at
different angles" in the C2ÐC3 plane relative to a Bi2Se3 crystal (atT ! 1.5 K). The oscillations are
attributed to 3D bulk states, because they do not disappear in an in-plane magnetic Þeld (" = 90" ).
Adapted fromRef. [25].

topological insulatorsÑe.g., Bi1# xSbx [18,19], Bi2Se3 [22Ð25,36,38], Bi2Te3
[35], Bi2Te2Se [40,42,43], and Bi1.5Sb0.5Te1.7Se1.3 [44]ÑSdH oscillations
become visible in the magnetoresistance at already moderate values of the
applied magnetic Þeld ofB ! 5Ð10 T, which results in an estimated carrier
mobility of µ $ 1000Ð2000 cm2/ Vs. First experiments on low-resistivity
materials mainly detected SdH oscillations that could be attributedÑon the
basis of their angular dependence on the applied ÞeldÑto bulk 3D carriers
[22,23,25] (Fig. 6). In some cases, coexisting SdH resistance oscillations with
2D and 3D character were also observed [18,19].

Subsequently, SdH resistance oscillations dependent only on the
perpendicular component of the applied magnetic ÞeldÑi.e., with purely 2D
characterÑhave been observed [24,35,36,40,42Ð44] (Fig. 7). The best quality
data have been obtained after the development of high-resistivity Bi2Te2Se and
Bi1.5Sb0.5Te1.7Se1.3 crystals [40,42Ð44]. In the majority of cases, the 2D SdH
resistance oscillations are superimposed on a magnetoresistance background
whose microscopic origin is not yet understood. Removing this background by
subtracting a smooth curve, or by taking the derivative of the magnetoresistance
with respect toB, is necessary to isolate the oscillations. In the higher resistivity
crystals, the experimental results are consistentÑat least qualitativelyÑwith the
conclusion drawn from the Hall measurements, from which the coexistence of
low-µ 3D bulk states and high-µ 2D surface states is inferred. Interestingly, for
the crystals in which SdH resistance oscillations with 2D character are observed,
no clear indication is found of the presence of two distinct families of 2D
charge carriers, as it could be expected from the presence of two distinct crystal
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Fit to Lifschiftz-Kosevitz law gives a value for m* close to that of VB 



Conclusions
TIs have interesting physics and exhibit many quantum 
phenomena: WAL, quantum oscillations, Aharonov-
Bohm, AQHE, etc.

¥ Spintronics (without magnets) 
¥ Topological quantum computing 
¥ Topological magnetoelectric effects

Foreseen applications include:
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